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THE ASSOCIATED GRADED MODULE OF THE TEST MODULE
FILTRATION
AXEL STA¨BLER
Abstract. We show that each direct summand of the associated graded module of the
test module filtration τ(M,fλ)λ≥0 admits a natural Cartier structure. If λ is an F -jumping
number, then this Cartier structure is nilpotent on τ(M,fλ−ε)/τ(M,fλ) if and only if the
denominator of λ is divisible by p. We also show that these Cartier structures coincide with
certain Cartier structures that are obtained by considering certain D-modules associated to
M that were used to construct Bernstein-Sato polynomials.
Moreover, we point out that the zeros of the Bernstein-Sato polynomial bM,f attached
to an F -regular Cartier module correspond to its F -jumping numbers. This generalizes
[BS16a, Theorem 5.4] where a stronger version of F -regularity was used. Finally, we develop
a basic theory of non-F -pure modules and prove a weaker connection between Bernstein-Sato
polynomials bM,f and Cartier modules (M,κ) for which Mf is F -regular and certain jumping
numbers attached to M .
Introduction
For the purpose of this introduction let us consider a hypersurface f inside a polynomial
ring R = Fp[x1, . . . , xn]. We will often only state special cases of our main result and refer
the reader to the paper for sharper statements. A classical theme is the study of singularities
of f via the Frobenius morphism F . Note that F∗R is a free R-module with basis given by
the monomials xi11 · · ·xinn with 0 ≤ ij ≤ p− 1. We define an R-linear map κ : F∗R → R by
sending the basis element xp−11 · · ·xp−1n to 1 and all other basis elements to zero. Given any
rational λ ≥ 0 one defines the test ideal
τ(R, fλ) = κe(R · f dλpee)
for any e 0. In particular, one easily sees that τ(R, f 0) = R. Varying λ we obtain a non-
increasing right-continuous filtration of ideals. The smallest λ for which τ(R, fλ) 6= R is called
the F -pure threshold, fpt(f) for short. Similarly, we call any λ such that τ(R, fλ) 6= τ(R, fλ−ε)
for all 0 < ε 1 an F -jumping number.
If f ∈ Q[x1, . . . , xn] and one considers the various reductions fp of f to positive prime
characteristic, then fpt(fp)
p→∞−−−→ lct(f) and fpt(fp) ≤ lct(f) for almost all p ([HY03, Theorem
6.8]). Here lct(f) is the so-called log-canonical threshold which is a similar characteristic
zero invariant that is defined using an embedded resolution of singularities. It is a deep
and presently wide open conjecture that fpt(fp) = lct(f) for infinitely many p ([MTW04,
Conjecture 3.6]).
It has been observed for quasi-homogeneous hypersurfaces that if the log canonical threshold
does not coincide with the F -pure threshold, then the denominator of the F -pure threshold
is a pth power (see [HNnBWZ16, Theorem 3.5] or [Mu¨l16, Lemma 3.7 (2)]). On the other
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2 AXEL STA¨BLER
hand, there are only two known (families of) examples where the F -pure threshold does not
coincide with the log canonical threshold but the denominator of the F -pure threshold is not
divisible by p (see [MTW04, Example 4.5] and [CHSW16, Proposition 2.7, Corollary 2.10]).
From the point of view of birational geometry F -jumping numbers with a denominator
divisible by p are special in the sense that the correspondence between certain Cartier linear
maps and certain Q-divisors breaks down in this case (e.g. [Sch09]). This correspondence is
central to many applications of test ideals in birational geometry.
Nilpotent Cartier structures. One goal of this article is to further illustrate that F -pure
thresholds whose denominators are divisible by p are special in the following more general
context: A finitely generated R-module M endowed with an R-linear map κ : F∗M → M
is called a Cartier module (cf. [Bli13]). One can associate to M and f ∈ R a test module
filtration τ(M, fλ)λ≥0 that has similar properties as in the case M = R. In particular, we can
form the associated graded module
⊕
λ>0Gr
λM =
⊕
λ>0 τ(M, f
λ−ε)/τ(M, fλ). In Section 2
we will attach a natural Cartier module structure to each direct summand and show that
the Cartier module is nilpotent if and only if the denominator of λ is divisible by p. Here
nilpotent means that some power of the structural map κ acts as zero on the module.
This notion of nilpotence is interesting for the following reason. Nilpotent Cartier modules
form a Serre subcategory so that we may consider the attached localized category of Cartier
crystals. Roughly speaking, this means killing all nilpotent Cartier modules and working up
to nilpotence. This category is then equivalent ([BB11]) to the category of unit R[F ]-modules
of Emerton and Kisin ([EK04]) and anti-equivalent to the category of perverse constructible
Fp-sheaves on the e´tale site associated to SpecR.
The first main result that we obtain is
Theorem (Theorem 2.3). Let R be essentially of finite type over an F -finite field, (M,κ) a
Cartier module, f ∈ R and λ an F -jumping number of the test module filtration of M along
f . Then for an integer a the map κefa defines a Cartier structure on GrλM if and only if
a ≥ dλ(pe − 1)e. Moreover, in this case the Cartier structure is not nilpotent if and only
if a = λ(pe − 1) and this quantity is an integer. In particular, if the denominator of λ is
divisible by p, then all these Cartier structures are nilpotent.
Secondly, we also show, extending and vastly simplifying some results of [BS16a, Section 4],
that test modules admit a simple description, akin to the case of the test ideal in a polynomial
ring, in many cases. A special instance is the following
Theorem (cf. Theorem 2.6). Let R be essentially of finite type over an F -finite field, (M,κ)
an F -regular Cartier module and f ∈ R an M-regular element, then one has τ(M, fλ) =
κef dλp
eeM for all e 0.
Nilpotence and its relation to Bernstein-Sato polynomials. We will also relate the
Cartier structures in Theorem 2.3 to certain Cartier structures obtained from generalized
eigenspaces of higher Euler operators that play a crucial role when constructing Bernstein-Sato
polynomials in positive characteristic (see [BS16a]). Similar results were observed by Bitoun
([Bit15]) for the case that M = R in the (equivalent) framework of unit R[F ]-modules. His
proof relies on formal properties of p-adic expansions. We will show that it is in fact also a
formal consequence of the machinery of test modules via Theorem 2.3. Let us explain this in
more detail.
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Let DeR ∼= EndR(F e∗R) be the subring of the ring of differential operators DR consisting
of operators which are linear over Rp
e
. Adding a variable and considering the ring of
differential operators DR[t] we have the so-called divided power Euler operators θpi which
act on a monomial rtm as
(
m
pi
)
rtm. Any DeR[θp0 , θp, . . . , θpe−1 ]-module admits a direct sum
decomposition into generalized eigenspaces Ei, with i ∈ Fep, where θpj−1 acts on Ei by
multiplication with ij.
Let now (M,κ) be a Cartier module, f ∈ R an M -regular element and consider the graph
embedding
γ : SpecR −→ SpecR[t], t 7−→ f.
By adjunction for finite maps a Cartier structure κe : F e∗M → M is equivalent to a map
Ce : M → HomR(F e∗R,M) =: F e!M and there is a natural map c : γ∗F e!M → F e!γ∗M . The
latter module naturally is a DeR[t]-module by precomposition.
Then we can, for each e, consider the quotient
Ne := c(γ∗Ce(M))DeR[θ1, θp, . . . , θpe−1 ]/c(γ∗Ce(fM))DeR[θ1, θp, . . . , θpe−1 ]
and its decomposition into generalized eigenspaces Ei with respect to the θ as above.
Lifting the i = (i1, . . . , ie) for which the generalized eigenspaces of Ne are non-zero to Z via
Fp = {0, . . . , p− 1} we set xi := (i1 + i2p+ · · ·+ iepe−1)p−e and define the eth Bernstein-Sato
polynomial
beM,f (s) :=
∏
Ei 6=0
(s− xi) ∈ Q[s].
Theorem (cf. Theorem 3.7 and Corollary 3.9). Let R be regular and essentially of finite type
over an F -finite field, (M,κ) an F -regular Cartier module and f and M-regular element.
Then for all e  0 the roots of beM,f(s) are given by dλp
ee−1
pe
where λ ∈ (0, 1] runs over the
F -jumping numbers of τ(M, fλ).
Here F -regularity is in the sense of [BS16b]. This result strengthens [BS16a, Theorem 5.4]
where the stronger version of F -regularity as defined in [Bli13] was used.
One has
⋃
e≥0DeR[t] = DR[t] and the Ne form a direct system so that one can also consider
colimeNe and then look at the simultaneous generalized eigenspace for all Euler operators θpi .
As it turns out this approach only recovers those F -jumping numbers λ that lie in (0, 1]∩Z(p).
Theorem (cf. Theorem 3.16). Under the assumptions as in the previous theorem, assume
further that λ ∈ Q is an F -jumping number of the test module filtration of M along f .
In particular, dλp
ee−1
pe
corresponds for all e  0 to a zero xi of beM,f(s). Then there is
an isomorphism of DeR[θ1, . . . , θpe−1 ]-modules F e!GrλM → Ei, where Ei is the generalized
i-eigenspace associated to Ne. This isomorphism induces a transition map
F e!GrλM → F e+a!GrλM.
This transition map is induced by a non-nilpotent morphism
C : GrλM → F s!GrλM
if and only if λ(ps− 1) ∈ Z and e, a are multiples of s. Moreover, in this case C is the adjoint
of κsfλ(p
s−1).
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Non-F -pure modules and relation to Bernstein-Sato polynomials. In Section 4 we
study basic properties of so-called non-F -pure modules σ(M, fλ). This section is, apart
from some basic results in Section 2, largely independent from the preceding sections. The
σ(M, fλ) are a generalization of non-F -pure ideals studied in [FST11]. We will see that
some of the pathologies that non-F -pure ideals exhibit in comparison to their characteristic
zero analogues, namely non-lc ideals, are constrained to the cases where the “jumps” have a
denominator divisible by p.
Theorem (cf. Proposition 4.9, Corollary 4.16). Let R be essentially of finite type over an
F -finite field, (M,κ) a Cartier module and f and M-regular element. Assume that Mf is
F -regular. Let λ > 0 be a rational number. Then the following hold:
(a) If the denominator of λ is not divisible by p, then σ(M, fλ) = τ(M, fλ−ε) for all 0 < ε 1.
(b) If the denominator of λ is divisible by p, then σ(M, fλ) = τ(M, fλ+ε) for all 0 < ε 1.
We will obtain a partial generalization of the correspondence between F -jumping numbers
and zeros of Bernstein-Sato polynomials for the case that (M,κ) is F -regular to Cartier
modules (M,κ) for which Mf is F -regular. Let us write Gr
λ
σM = σ(M, f
λ)/σ(M, fλ+ε).
With this notation we prove in Section 5:
Theorem (cf. Theorem 5.3). Let R be regular and essentially of finite type over an F -finite
field. Let (M,κ) be a Cartier module, f ∈ R an M-regular element and assume that Mf is
F -regular. Let λ ∈ (0, 1] ∩ Z(p). If dλpee−1pe is a zero of the eth Bernstein-Sato polynomial for
some e 0 such that λ(pe − 1) ∈ Z, then GrλσM 6= 0.
We note that it is also possible to formulate the preceding theorem entirely in the language
of test modules. It is however the hope of the author that this form generalizes to arbitrary
Cartier modules (M,κ).
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1. A brief review of test modules
In this section we review very briefly the necessary facts on test modules that we need.
We refer the reader to [BS16b] for a detailed treatment.
Fix an F -finite ring R. A Cartier module is a pair (M,κ), where M is an R-module
and κ : F e∗M → M is an R-linear map. We will always assume that e = 1 except when
we consider certain subquotients GrλM and GrλσM in Sections 2 and 5. If we assume that
SpecR is embeddable into a smooth scheme, then for given e there is a contravariant functor
to the category constructible Fpe-sheaves on the e´tale site. If we localize at nilpotent Cartier
modules (to be defined below), call the resulting category Cartier crystals, then this functor
induces an anti-equivalence between Cartier crystals and perverse constructible Fpe-sheaves
on the e´tale site (see [Sch16] and references therein).
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Given a Cartier module (M,κ) and f ∈ R and λ a non-negative rational number we
can form R-linear maps κef dλp
ee : F e∗M → M given by m 7→ κe(f dλpeem) for varying e ≥ 1.
The collection of these maps with addition induced by the one in M and multiplication
by composition form an N-graded subring C of ⊕e≥0 Hom(F e∗M,M), where we set C0 = R.
It has both a left and a right R-module structure that are related via rϕ = ϕrp
e
for any
homogeneous element ϕ of degree e. This ring is a special case of a so-called Cartier algebra.
1.1. Definition. Let R be an F -finite ring. A Cartier algebra is an N-graded ring
⊕
e≥0 Ce
with C0 = R satisfying the relation rϕ = ϕrpe for any ϕ ∈ Ce and r ∈ R.
As usual C+ = ⊕e≥1 Ce. We will write Ch+ for (C+)h.
1.2. Remark. We will mostly use Cartier algebras of the form κef dλp
ee in this article. The
reader familiar with test ideals may notice that people also often use algebras of the form
κef dλ(p
e−1)e. If one computes test modules then both notions yield the same result (cf. [Sta¨16,
Lemma 3.1]). However, the categories of crystals are not the same and this will play an
important role later on (cf. Section 4).
A C-module means a left module over C. We will moreover always assume that it is
finitely generated as an R-module. We call a C-module M nilpotent if Ca+M = 0 for some
(equivalently all) a 0. A morphism ϕ : M → N of C-modules is a nil-isomorphism if its
kernel and cokernel are nilpotent.
If M is a C-module then the descending chain C+M ⊇ C2+M ⊇ . . . stabilizes (see [Bli13,
Proposition 2.13]) and we denote its stable member by M .
1.3. Definition. The test module τ(M, fλ) is the smallest C-submodule N of M such that
the inclusion H0η (N)η ⊆ H0η (M)η is a nil-isomorphism for every associated prime η of the
R-module M .
At this point we encourage the reader to take a look at [BS16b, Sections 1 and 2] for
further discussion. It is proven in [BS16b, Theorems 3.4 and 3.6] that test modules exist if
R is essentially of finite type over an F -finite field. Moreover, in this case the test module
filtration τ(M, fλ)λ≥0 is a non-increasing right-continuous filtration. Under suitable finiteness
conditions (e.g. R is essentially of finite type over an F -finite field) this filtration is also
discrete. Many other formal properties like Skoda also hold in this more general situation (see
[BS16b, Section 4]). We call a number λ such that τ(M, fλ) 6= τ(M, fλ−ε) for all 0 < ε ≤ λ
an F -jumping number.
Finally, we say that a prime η ∈ SpecR of a C-module M is an associated prime of M if
H0η (M)η is not nilpotent. These form a subset of the associated primes of the underlying
R-module.
We call a Cartier module (M,κ) F -regular if τ(M, f 0) = M . The smallest λ > 0 such that
τ(M, fλ) 6= τ(M, f 0) is called the F -pure threshold of f with respect to M . More generally, if
we have a C-module N , where Ce = κef dλpee, then we say that N is F -regular if τ(N, fλ) = N .
If N is a C-module and η1, . . . , ηn are its associated primes, then we call c1, . . . , cn a
sequence of test elements if ci /∈ ηi and the H0ηi(Nci) are F -regular. If all associated primes of
M are minimal then we only need a single test element and this condition simplifies: If N is
a C-module whose associated primes are minimal, then we call c ∈ R a test element if c is
not contained in any minimal prime of N and Nc is F -regular.
With this notion one has
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1.4. Theorem. Let R be essentially of finite type over an F -finite field, (M,κ) a Cartier
module and f ∈ R. Then there exists a sequence of test elements c1, . . . , cn for the C-module
M , where Ce = κef dλpee, and one has
τ(M, fλ) =
∑
e≥e0
n∑
i=1
Cecaii H0ηi(M)
for any e0 ≥ 0 and any ai ≥ 1. Moreover, if M only has minimal associated primes, then
this simplifies to
τ(M, fλ) =
∑
e≥e0
CecaM.
Proof. See [BS16b, Theorem 3.4, Theorem 3.6] for the general case and [Bli13, Theorem 3.11]
for the special case 
It is mostly this presentation that we will be used in this article. Also note that we
will prove shortly that, if (M,κ) is F -regular, then one has in fact τ(M, fλ) = κef dλp
eeM
(Theorem 2.6 below).
2. Nilpotence of the direct summands of the associated graded module
Throughout this section R is a ring essentially of finite type over an F -finite field. This
assumption is imposed to ensure existence of test modules (see [BS16b, Theorem 3.6]; in
our setup this automatically implies existence of a sequence of test elements – cf. [BS16b,
Remark 3.7]) and discreteness of the filtration. Granting these notions our arguments work
for arbitrary F -finite rings.
Fix a Cartier module (M,κ) and f ∈ R. In [Sta¨16, Proposition 4.5] the author defined
a Cartier structure on the direct summands of the associated graded module of the test
module filtration. Namely, if Grλ(M) = τ(M, fλ−ε)/τ(M, fλ), then κf dλ(p−1)e operates on
this quotient. In fact, more generally κef dλ(p
e−1)e operates on Grλ(M) and one easily checks
if GrλM is nilpotent with respect to this Cartier structure, then also with respect to the one
above. The map κef dλ(p
e−1)e operators on Grλ(M) due to Skoda and due to the fact, as we
shall point out in detail below, that κeτ(M, fλ) = τ(M, fλ/p
e
).
While this definition may seem ad hoc we point out that if i : SpecR/(f) → SpecR
denotes the natural closed immersion and f is a non-zero-divisor on R then for any Cartier
module (M,κ) on SpecR the induced Cartier structure on R1i!M is given by κfp−1 (cf.
[BB13, Example 3.3.12]). By Skoda one easily sees that the support of Grλ(M) is contained
in SpecR/(f). We will in fact see shortly that these Cartier structures are very natural.
The next lemma was already proven in [Sta¨16, Proposition 3.2] for the case that M has
only minimal primes. We give a simplified proof here.
2.1. Lemma. Let (M,κ) be a Cartier module and f ∈ R. Then for all λ ≥ 0 we have
κ(τ(M, fλ)) = τ(M, f
λ
p ).
Proof. By virtue of [BS16b, Theorem 3.4] we have
τ(M, fλ) =
n∑
i=1
∑
e≥e0
κef dλp
eeciH0ηi(M)
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for any e0 ≥ 0, where the ηi are the associated primes of M and the ci form a sequence of
test elements in the sense of [BS16b, Definition 3.1]. We thus have
κ(τ(M, fλ)) =
n∑
i=1
∑
e≥e0
κe+1f d
λ
p
pe+1eciH0ηi(M)
=
n∑
i=1
∑
e≥e0+1
κef d
λ
p
peeciH0ηi(M) = τ(M, f
λ
p ).

2.2. Lemma. Let (M,κ) be a Cartier module and f ∈ R. Assume that λ is an F -jumping
number of τ(M, fµ). For any integer a the map given by κefa induces a Cartier structure on
GrλM if and only if a ≥ dλ(pe − 1)e.
Proof. Using Lemma 2.1 and Skoda ([BS16b, Proposition 4.1]) one has
κefaτ(M, fλ) = τ(M, f
λ+a
pe ).
For this to induce a Cartier structure on the quotient GrλM = τ(M, fλ)/τ(M, fλ−ε) we must
have λ+a
pe
≥ λ. Equivalently, a ≥ λ(pe − 1) and since a is an integer this is equivalent to
a ≥ dλ(pe − 1)e. One similarly checks that in this case κefaτ(M, fλ−ε) ⊆ τ(M, fλ−ε) using
that the test module filtration is non-increasing. 
The first main result of this section is
2.3. Theorem. Let (M,κ) be a Cartier module, f ∈ R and λ an F -jumping number of the
test module filtration of M along f . Let a ≥ dλ(pe−1)e. Then the Cartier structure on GrλM
defined by κefa is not nilpotent if and only if a = λ(pe − 1) and this quantity is an integer.
In particular, if the denominator of λ is divisible by p, then all these Cartier structures are
nilpotent.
Proof. We have just seen in Lemma 2.2 that κefa defines a Cartier structure on GrλM . We
may write dλ(pe − 1)e = λ(pe − 1) + δ with 0 ≤ δ < 1 and δ = 0 if and only if λ(pe − 1) is an
integer. By Skoda ([BS16b, Proposition 4.1]) we have
κefλ(p
e−1)+δτ(M, fλ−ε) = κeτ(M, fλ−ε+λ(p
e−1)+δ) = κeτ(M, fλp
e+δ−ε).
Now we use Lemma 2.1 and obtain
κeτ(M, fλp
e+δ−ε) = τ(M, fλ+
δ−ε
pe ).
Note in fact, that we may take any ε′ such that ε > ε′ > 0 and still have τ(M, fλ−ε
′
) =
τ(M, fλ−ε). Hence, if δ > 0 this actually forces ε < δ. But then τ(M, fλ+
δ−ε
pe ) ⊆ τ(M, fλ)
which shows that the Cartier structure is nilpotent. The same argument also shows nilpotence
for any a > dλ(pe − 1)e. 
2.4. Remark. Note that with the notation of the proof of Theorem 2.3 if µ < λ is the
previous F -jumping number then necessarily λ − µ ≤ δ. In particular, if λ is the F -pure
threshold, then it actually follows that if δ 6= 0 then δ ≥ λ since we can take any 0 < ε < λ
without changing τ(M, fλ−ε). Still assuming that λ is the F -pure threshold and writing
δ = dλ(pe − 1)e − λ(pe − 1) ≥ λ we obtain equivalently that dλ(pe − 1)e ≥ λpe. From this
one easily deduces that λ /∈ ( a
pe
, a
pe−1) for any integer 0 ≤ a ≤ pe − 1. This is the analogue of
[Her12, Proposition 4.2] for modules.
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2.5. Example. Consider the cusp f = x2 + y3 ∈ Fp[x, y] = R. If λ denotes the F -pure
threshold then τ(R, fλ) = (x, y) and for p > 3 one has (see [MTW04, Example 4.3])
λ =
{
5
6
p ≡ 1 mod 3,
5
6
− 1
6p
p ≡ 2 mod 3.
Moreover, λ = 1
2
for p = 2 and λ = 2
3
if p = 3. So if p ≡ 1 mod 3 we can take e = 1 and
obtain 5
6
(p− 1) ∈ Z. Since the quotient Grλ is just Fp and we know that the obtained Cartier
structure is not nilpotent it has to be κ = id.
Of course, for any p one has Grλ = Fp (as an R-module quotient) so that it admits the
non-nilpotent Cartier structure κ = id.
We end this section by proving a simple description of τ(M, fλ) in the case where (M,κ) is
F -regular. This is very useful for computations. We will use it in the next section to extend
the relation of F -jumping numbers and zeros of Bernstein-Sato polynomials ([BS16a]) to
F -regular Cartier modules.
2.6. Theorem. Let (M,κ) be a Cartier module and f an M-regular element. If (M,κ) is
F -regular, then τ(M, fλ) = κef dλp
eeM for all e 0.
Proof. By F -regularity we have M = τ(M, f 0). Hence, by Skoda ([BS16b, Proposition 4.1])
and Lemma 2.1 we get
κef dλp
eeM = κef dλp
eeτ(M, f 0) = κeτ(M, f dλp
ee) = τ(M, f dλp
eep−e).
Since λ ≤ dλpee
pe
≤ λ+ 1
pe
we conclude by right-continuity that τ(M, f dλp
eep−e) = τ(M, fλ) for
all e sufficiently large. 
2.7. Corollary. Let (M,κ) be a Cartier module and f an M -regular element. Then τ(M, fλ) =
τ(τ(M, f 0), fλ). In particular, we have τ(M, fλ) = κef dλp
eeτ(M, f 0).
Proof. Clearly, τ(M, f 0) ⊆ M so that τ(τ(M, f 0), fλ) ⊆ τ(M, fλ) by [BS16b, Proposition
1.15].
For the other inclusion, by definition τ(M, f 0) is the smallest submodule of M for which the
inclusions H0η (τ(M, f
0))η ⊆ H0η (M)η are nil-isomorphisms with respect to κ for all associated
primes η of M . Being a nil-isomorphism here just means that some power of κ annihilates the
cokernel. But then a fortiori some power of C+ = ⊕e≥1 κf dλpee acts as zero on this cokernel.
By definition of τ(M, fλ) this shows τ(M, fλ) ⊆ τ(M, f 0). Now we may apply τ(−, fλ) to
this inclusion to obtain τ(M, fλ) ⊆ τ(τ(M, f 0), fλ), where we again use [BS16b, Proposition
1.15] and the fact that τ (for a fixed Cartier algebra) is idempotent.
The final claim is an immediate application of Theorem 2.6. 
2.8. Remark. The assumption on the F -regularity cannot be omitted, that is, if M is not
F -regular, then τ(M, fλ) 6= κef dλpeeM in general. Consider for example R = Fp[x, y] and the
Cartier module M = Fp[x, y] · y−1 ⊆ j∗Fp[x, y, y−1], where j : D(y)→ SpecR, with Cartier
structure induced by localization.
Then M is not F -regular since Fp[x, y] is a proper submodule that generically agrees with
M . It is easy to see that M is F -pure. Moreover, y is a test element for (M,κ) and therefore
τ(M,xλ) = xbλcR while κexdλp
eeM is not even contained in R since y−1 is a fixed point for
the Cartier operation.
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Similarly, if M is not F -pure and has only minimal associated primes then τ(M, fλ) 6=
κef dλp
eeκacM in general, where c is a test element. For example, consider the Cartier module
M = k[x] · x−n ⊆ k[x] with n ≥ 2 and take λ = 0 and f = x. Clearly, c = x is a test element
and M = κak[x] · x−n = k[x] · x−1. We see that τ(M,x0) = k[x] by the theorem. However,
κaxM = k[x] · x−1 for all a 0 so that (since λ = 0) κex0k[x] · x−1 = k[x] · x−1.
3. Cartier structures on the direct summands of the associated graded
module induced by differential operators
Throughout this section we assume that R is a regular ring essentially of finite type over
an F -finite field. Regularity of R is critical since we need that F e∗R is a flat R-module to
ensure that F e! is exact.
The goal of this section is to show that the Cartier structures defined on the direct
summands of the associated graded module of τ(M, fλ) at the beginning of Section 2
correspond to the Cartier structures obtained on quotients of generalized eigenspaces of
certain DeR[θ1, θp, . . . , θp−1]-modules associated to the data (M, f) for varying e. In particular,
we will recover and generalize results of Bitoun ([Bit15]).
We start by recalling the necessary D-module theoretic notions (see [Mus09] and [BS16a]
for more elaborate discussions). For any ring R containing Fp the ring of Fp-linear differential
operators DR ⊆ EndFp(R) in the sense of Grothendieck ([GD67, Definition 16.8.1]) admits
the so-called p-filtration DR = ⋃e≥0DeR, where DeR ∼= EndR(F e∗R) (see [Cha74]).
3.1. Example. If R = k[t1, . . . , tn] is a polynomial ring over a perfect field k, then DeR =
R[∂
[1]
ti , . . . , ∂
[pe−1]
ti | i = 1, . . . , n], where the ∂[j]ti are divided power operators that act as follows
∂
[j]
ti • (ta11 · · · tann ) =
(
ai
j
)
ta11 · · · tai−1i−1 tai−ji tai+1i+1 · · · tann .
Moreover, one has [∂
[ai]
ti , ∂
[aj ]
tj ] = 0 for i 6= j.
As an aside we also mention that since k is perfect DR coincides with k-linear differential
operators.
3.2. Convention. Unless otherwise specified modules over rings of differential operators will
always be right modules.
Recall that since the Frobenius morphism is finite the upper shriek functor F e! is given by
F e!M := HomR(F
e
∗R,M)
for any R-module M . The module F e!M naturally carries a right action of DeR ∼= EndR(F e∗R)
via
F e!M 3 ϕ 7−→ ϕ ◦ f
for any f ∈ EndR(F e∗R).
3.3. Definition. For any e ≥ 1 there is a natural isomorphism
Σ: HomR(F
e
∗M,M) −→ HomR(M,F e!M), ϕ 7−→ [m 7→ (r 7→ ϕ(rm))].
In this way, if (M,κ) is a Cartier module, then the map κe is equivalent to the map Σ(κe).
We will refer to the map Σ(κe) as the adjoint of κe (and vice versa κe is the adjoint of Σ(κe).
Let us now fix some assumptions and notations that shall be in force for the rest of this
section:
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3.4. Notation. Recall that R is a ring that is regular and essentially of finite type over an
F -finite field k. We fix an element f in R and consider its so-called graph embedding
γ : SpecR −→ SpecR[t], t 7−→ f.
If (M,κ) is a Cartier module, then γ∗M also naturally carries a Cartier structure via
F∗γ∗M
∼=−→ γ∗F∗M γ∗κ−−→ γ∗M
where the first isomorphism is the natural isomorphism F∗γ∗ ∼= γ∗F∗. We will, by abuse of
notation, denote this map again by κ.
3.5. Definition. Note that DeR[t] contains the differential operator θa := ta∂[a]t for any a < pe.
In fact, DeR[t] = DeR[t, ∂[a]t | a < pe]. We call the θa the (higher divided power) Euler operators.
3.6. Lemma. Let (M,κ) be a Cartier module on R and γ : SpecR → SpecR[t], t 7→ f the
graph embedding. Then the adjoint of the Cartier structure F e!γ∗M → F e+a!γ∗M is given by
HomR[t](F
e
∗R[t], γ∗M) −→ HomR[t](F a+e∗ R[t], γ∗M)
ϕ 7−→ κa ◦ F a∗ ϕ.
Proof. First of all, note that duality of finite morphisms yields a map
γ∗M −→ F a!γ∗M, m 7−→ [s 7→ κa(γ#(s)m)],
where γ# : R[t]→ R, t 7→ f , corresponding to F a∗ γ∗M → γ∗M . Applying F e! (which is just a
hom-functor) we get a map
F e!γ∗M −→ F e!F a!γ∗M, ϕ 7−→ [r 7→ [s 7→ κa(γ#(r)(ϕ(s)))]].
Now by tensor-hom adjunction we have F e!F a! ∼= F e+a! which sends a map as above to the
map [s 7→ κa(ϕ(γ#(s)))]. 
Quite generally, given any DeR[θ1, θp, . . . , θpe−1 ]-module A there is a unique decomposition
A =
⊕
i∈Fep
Ei,
where the Ei are DR-modules and θpj−1 acts on Ei by multiplication with ij for j = 1, . . . , e.
We call this the decomposition into generalized eigenspaces. This generalized eigenspace
decomposition is preserved by morphisms. Moreover, it is compatible with the p-filtration in
the following sense: A is in particular a De−1R [θ1, θp, . . . , θpe−2 ]-module. As such it admits a
decomposition
A =
⊕
i∈Fe−1p
Ei
into generalized eigenspaces. In this case, if we fix a tuple i ∈ Fe−1p , then
Ei =
⊕
j∈Fp
Ei,j,
where on the right Ei,j is the generalized eigenspace (i1, . . . , ie−1, j) obtained from the
generalized eigenspace decomposition of A considered as a DeR[θ1, θp, . . . , θpe−1 ]-module. The
proof of these facts are largely formal and rely on some properties of the θj. We refer the
reader to [BS16a, Lemma 3.1] or [Mus09, Proposition 4.2] for details.
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Fix a Cartier module (M,κ). Recall that F e!γ∗M = HomR[t](F e∗R[t], γ∗M) admits a DeR[t]-
module structure by premultiplication (see the discussion after 3.2) and hence in particular a
DeR[θ1, θp, . . . , θpe−1 ]-module structure. As such it admits a decomposition into generalized
eigenspaces F e!γ∗M =
⊕
i∈Fep Ei, where θpj−1 acts on Ei by multiplication with ij.
We now want to describe this generalized eigenspace structure in more detail. Given
tm ∈ R[t] the operator θpa acts via
(
m
pa
)
tm. By Lucas’ Theorem (see [Luc78, §XXI]), if we
write m = i1 + i2p+ · · ·+ iepe−1, then
(
m
pa
)
evaluates to ia+1 (which, by convention, is zero if
a > e). Thus writing i = (i1, . . . , ie) we see that the projection onto the generalized eigenspace
F e!γ∗M −→ Ei
is induced by
pi : F e∗R[t] −→ F e∗R[t], rtm 7−→
{
rtm, m = i1 + i2p+ . . .+ iep
e−1,
0, else.
Write γ# for the map R[t]→ R, t 7→ f and note that one has a natural map
γ∗F e
!M −→ F e!γ∗M, ϕ 7−→ ϕ ◦ γ#.
Recall (Definition 3.3) that κe : F e∗M → M corresponds to a map Ce : M → F e!M given
by [m 7→ [r 7→ κe(rm)]]. By abuse of notation we will denote the image of Ce(M) =
{[r 7→ κe(rm)|m ∈M} under the natural map γ∗F e!M → F e!γ∗M by γ∗Ce(M). This is an
R[t]-submodule of the DeR[θ1, θp, . . . , θpe−1 ]-module F eγ∗M .
A key technical result ([BS16a, Corollary 5.3]) yields that for all e ≥ 1 the generalized
(i1, . . . , ie)-eigenspace of the quotient
Ne := (γ∗Ce(M))DeR[θ1, θp, . . . , θpe−1 ]/(γ∗Ce(fM))DeR[θ1, θp, . . . , θpe−1 ]
is isomorphic as a DeR-module to
Pe := C
e(f i1+i2p+...+iep
e−1
M) ·DeR/Ce(f 1+i1+i2p+...+iepe−1M) ·DeR.
This isomorphism is given as follows. Given ϕ ∈ Ne that is contained in the generalized
(i1, . . . , ie)-eigenspace one has ϕ(rt
m) = 0 for all m < pe if m 6= i1 + i2p+ . . .+ iepe−1. The
image of ϕ under this isomorphism is the map r 7→ ϕ(rf i1+i2p+...+iepe−1).
3.7. Theorem. Let R be regular essentially of finite type over an F -finite field. Let (M,κ) be
an F -regular Cartier module and f an M -regular element. Then for all e ≥ 1 the generalized
(i1, . . . , ie)-eigenspace of Ne is isomorphic as a DeR-module to
F e!QiM := F
e!(τ(M, f (i1+i2p+...+iep
e−1)/pe)/τ(M, f (1+i1+i2p+...+iep
e−1)/pe))
where i = (i1, . . . , ie).
Proof. Since Ne ∼= Pe it suffices to argue that that we have an isomorphism with Pe. Recall
that F e! is just HomR(F
e
∗R, •). In particular, for an R-submodule A of M we have a natural
inclusion HomR(F
e
∗R,A)→ HomR(F e∗ ,M). Since M is a Cartier module we have the map
Ce : M → F e!M which is adjoint to κe (see Definition 3.3). Now [BS16a, Lemma 4.6] identifies
F e!κeA with the DeR-submodule of F e!M generated by Ce(A).
If we apply this observation with A = f i1+i2p+·+iep
e−1
M we thus obtain that
Ce(f i1+i2p+·+iep
e−1
M) ·DeR = F e!κef i1+i2p+·+iepe−1M.
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By our assumption, M = τ(M, f 0) so that, via Lemma 2.1 and Skoda ([BS16b, Proposition
4.4]) the right-hand side is equal to F e!τ(M, f (i1+i2p+···+iep
e−1)/pe).
Since R is regular, F e∗R is projective as an R-module. Thus F
e! is exact and the proof
complete. 
3.8. Definition ([BS16a, Definition 3.7]). Let (M,κ) be a Cartier module and f an M -regular
element. Then we define the eth Bernstein-Sato polynomial beM,f [s] ∈ Q[s] associated to
(M,κ, f) as follows: Let Γ ⊆ {0, . . . , p− 1}e be the set of those i = (i1, . . . , ie) ∈ Fep for which
the generalized i-eigenspace of Ne is non-trivial. Then we set
beM,f [s] =
∏
i∈Γe
(
s−
(
ie
p
+ · · ·+ i1
pe
))
,
where we lift Fep to Ze by choosing representatives in {0, . . . , p− 1}e.
Recall that any λ ∈ [0, 1) can be written uniquely as∑
i≥1
ci(λ)
pi
,
with all ci(λ) ∈ {0, . . . , p− 1} and such that infinitely many of the ci(λ) are non-zero. We
will refer to this as the p-adic expansion of λ. Moreover, one has
dλpee − 1
pe
=
e∑
i=1
ci(λ)
pi
.
We call this the truncated p-adic expansion of λ.
3.9. Corollary. Let R be regular essentially of finite type over an F -finite field. Let (M,κ) be
an F -regular Cartier module and f an M-regular element. Then the roots of the Bernstein-
Sato polynomials beM,f (s) are given for all e 0 by dλp
ee−1
pe
, where λ varies over the F -jumping
number of the test module filtration τ(M, fµ) for µ ∈ (0, 1].
Proof. By definition, λ is an F -jumping number if and only if τ(M, fλ) 6= τ(M, fλ−ε) for all
0 < ε 1. Using right-continuity of τ , the fact that dλpee
pe
≥ λ and dλpee
pe
→ λ for e→∞ we
equivalently have
τ(M, f
dλpee−1
pe ) 6= τ(M, f dλp
ee
pe )
for all e 0. Writing
dλpee − 1
pe
=
ce(λ) + ce−1(λ) + · · ·+ c1(λ)pe−1
pe
using Theorem 3.7 and the fact, that F e! is fully faithful we obtain that the generalized
(ce(λ), . . . , c1(λ))-eigenspace of Ne is non-trivial for all e 0 if and only if λ is an F -jumping
number. 
3.10. Remark. Of course, the point is that F -regularity here is meant in the sense of [BS16b]
which is a strictly weaker notion than the one used in [BS16a].
Moreover, the use of Lemma 2.1 and Skoda in Theorem 3.7 removes an inaccuracy in the
proof of [BS16a, Theorem 5.4]. Indeed, this guarantees an equality κefmM = τ(M, f
m
pe ) for
any m ∈ Z and e ≥ 1. The application of [BS16a, Corollary 4.8] in the proof of [BS16a,
Theorem 5.4] is not correct since one may have to enlarge the numerator.
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We will prove a partial generalization of this result where we relax the F -regularity
assumption in Section 5.
Corollary 3.9 implies that the limit bM,f(s) ∈ Q[s] of the sequence (beM,f(s))e exists and
that bM,f (s) is the product over the s− λ where λ ∈ [0, 1) runs over the F -jumping numbers
of (M,κ) filtered along f . The sequence of modules F e!γ∗M form a direct system (see Lemma
3.6). In this way one obtains a DR[t]-module colime≥0 F e!γ∗M . Denote the natural map
M → colime≥0 F e!γ∗M by ϕ0. Then one could replace Ne by considering the quotient
ϕ0(M)DR[t]/ϕ0(fM)DR[t].
It was observed in [Mus09, Example 6.15] that one loses information in this way. In [Bit15]
it was shown that for M = R the Bernstein-Sato polynomial one obtains by working in the
limit only records those F -jumping numbers whose denominator is not divisible by p. We
will extend this to F -regular Cartier modules (M,κ).
Once again we remind the reader about the Ne which were defined just before Theorem
3.7.
3.11. Proposition. Let M be a Cartier module on R and f ∈ R a non-zero-divisor on
M . Then the transition map γ∗F e!M → F e+a!γ∗M induces a map Ne → Ne+a. Fur-
thermore, if Ei is the generalized (i1, . . . , ie)-eigenspace of Ne and Ei,j the generalized
(i1, . . . , ie, je+1, . . . , je+a)- eigenspace of Ne+a then we get an induced map
α : Ei
ι
//Ne //Ne+a
pi
//Ei,j,
where pi is the projection onto the generalized eigenspace and ι is the natural inclusion.
If, in addition, M is F -regular, then via the isomorphisms Ei → F e!QiM , Ei,j →
F e+a
!
Qi,jM (cf. the discussion preceding and including Theorem 3.7) and adjunction we
get an induced Cartier structure F a∗ F
e!QiM → F e!QiM which is given by
ϕ 7−→ κaf je+1+je+2p+...+je+ape+a−1 ◦ ϕ.
Proof. Using Lemma 3.6 we have a commutative diagram
γ∗F e!M //

F e!γ∗M
β

γ∗F e+a
!
M // F e+a
!
γ∗M
Thus we have β(γ∗Ce(M)) = γ∗Ce+a(M). Since the map β is DeR[θ1, θp, . . . , θpe−1 ]-linear we
obtain an inclusion
β(γ∗Ce(M)DeR[θ1, θp, . . . , θpe−1 ]) ⊆ γ∗Ce+a(M)De+aR [θ1, θp, . . . , θpe+a−1 ]
and an inclusion
β(γ∗Ce(fM)DeR[θ1, θp, . . . , θpe−1 ]) ⊆ γ∗Ce+a(fM)De+aR [θ1, θp, . . . , θpe+a−1 ].
In this way we obtain the induced map α.
Recall from the discussion preceding and including Theorem 3.7 that the isomorphism
Ei → F e!QiM is given by
ϕ 7−→ [r 7→ ϕ(rf i1+i2p+...iepe−1)].
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Similarly, the image of α(ϕ) in F e+a
!
Qi,jM is given by
r 7−→ piκaϕ(rf i1+i2p+...iepe−1).
3.12. Claim. The image of α(ϕ) in F e+a
!
Qi,jM coincides with the map
ψj : r 7−→ κaϕ(rf i1+i2p+...iepe−1+je+1pe+...je+ape+a−1).
proof of 3.12. Note that {rtl | r ∈ R with 0 ≤ l ≤ pe+a−1} is a set of generators for F e+a∗ R[t].
Since Ne+a is the direct sum of its generalized eigenspaces the claim comes down to verifying
that the equality ∑
j∈Fap
ψj = κ
aϕ
holds in Ne+a, where we lift the ψj to Ne+a by taking the natural section of the projection
onto the generalized eigenspace.
Hence, ψj evaluated at
ti1+i2p+...+iep
e−1+le+1pe+...le+ape+a−1
coincides with
κaϕ(f i1+i2p+...+iep
e−1+le+1pe+...le+ape+a−1)
if j = l and is zero otherwise. In particular, we see that the claimed identity holds. 
Identifying ϕ with its image in F e!QiM we may view ϕ as a map ϕ : F
e
∗R→M . Then
ψj(r) = κ
af je+1+je+2p+...je+ap
a−1
ϕ(f i1+i2p+...+iep
e−1
r)
which shows that the Cartier structure has the desired form. 
3.13. Remark. We note that taking the projection onto the corresponding generalized
eigenspace in Proposition 3.11 is necessary (see [Mus09, Example 6.15]).
If λ ∈ (0, 1] with truncated p-adic expansion
e∑
i=1
ci(λ)
pi
,
then we have seen in the proof of Corollary 3.9 that for all e  0 the F e!Q(ce(λ),...,c1(λ))M
coincide with F e!GrλM , where GrλM = τ(M, fλ)/τ(M, fλ−ε).
3.14. Lemma. Let (M,κ) be an F -regular Cartier module. For e 0 the morphism ψ given
by the composition
F e!GrλM
ψ
**∼=
//Ei
α
//Ei,j
∼=
//F e+a
!
GrλM ,
where α is the map in Proposition 3.11, is of the form F e!C for a morphism C : GrλM →
F a!GrλM if λ(ps − 1) is an integer for some s ∈ Z and both e, a are multiples of s.
Proof. There is an integer s such that λ(ps − 1) is an integer if and only if the denominator
of λ is not divisible by p. This is equivalent to the fact that the p-adic expansion of λ is
strictly periodic with period length dividing s. In this case, one has λ(ps − 1) = ps∑si=1 ci(λ)pi
(see e.g. [HNnBWZ16, Lemma 2.6]). Write e = e′s and a = a′s Then by Proposition 3.11
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and the previous observation the Cartier structure F e!GrλM → F e+a!GrλM is given by the
adjoint of
κaf dλ(p
a−1)e = (κsf dλ(p
s−1)e)a
′
and we may set
C = [m 7−→ [r 7→ (κsf dλ(ps−1)e)e′(rm)]].

3.15. Remark. Note that the Cartier structure on F e!GrλM is only giving us information
on GrλM if we have a map C as in Lemma 3.14. Quite generally, in this case, C is a nil-
isomorphism (see e.g. [Sta¨17, Lemma 2.2]) so that as crystals GrλM and F e!GrλM coincide.
Otherwise F e!GrλM does, at least a priori, not encode more information than any other
faithful functor.
We come to the main result of this section:
3.16. Theorem. Let R be regular and essentially of finite type over an F -finite field, (M,κ) an
F -regular Cartier module and f an M -regular element. Assume that λ ∈ Q is an F -jumping
number of the test module filtration of M along f . Then for e  0 we consider the map
C : F e!GrλM → F e+a!GrλM (i.e. the morphism ψ of Lemma 3.14).
If λ(ps − 1) ∈ Z, then C admits a factorization
GrλM
Du

Dv
''
F e!GrλM
C
// F e+a
!
GrλM
where D : GrλM → F s!GrλM is adjoint to a map κsf c : F s∗M →M , if and only if s | e and
s | a. In this case, c = λ(ps − 1) and κsf c is not nilpotent.
If λ(ps − 1) /∈ Z, then there is a morphism D : GrλM → F s!GrλM , that is adjoint to
a map κsf c, fitting into a commutative diagram as above if and only if s | e, s = a and
dλ(ps − 1)e is of the form c1ps−1 + c2ps−2 + . . .+ cs, where c1p + c2p2 + . . .+ csps is the truncated
p-adic expansion of λ. In this case, the morphism D is nilpotent and given by the adjoint of
κsf dλ(p
s−1)e.
Proof. We start with the case that λ(ps − 1) is an integer. Clearly, if C admits such a
factorization then us = e and vs = e+ a. The converse is Lemma 3.14. To see that it is not
nilpotent we may use Lemma 2.2.
We now turn to the case that λ(ps − 1) is not an integer. Then it is clearly necessary that
s | e and s | a. If we write the p-adic expansion of λ as λ = ∑i≥1 cip−i, then the existence of
such a morphism κsfus(λ) : GrλM → F s!GrλM is equivalent to a commutative diagram of
the form
GrλM
κe+af
us(λ)
pe+a−1
ps−1
((
κef
us(λ)
pe−1
ps−1
// F e!GrλM
κafca+ca−1p+...+c1p
a−1
// F e+a
!
GrλM.
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By Lemma 2.2 we may write us(λ) = dλ(ps− 1)e+m for some non-negative integer m. Using
this, the diagram is commutative if and only if we have the following equality
(dλ(ps − 1)e+m)p
e − 1
ps − 1p
a + ca + ca−1p+ . . .+ c1pa−1 = (dλ(ps − 1)e+m)p
e+a − 1
ps − 1 .
This simplifies to
ca + ca−1p+ . . .+ c1pa−1 = (dλ(ps − 1)e+m)p
a − 1
ps − 1 .
Note that dλ(ps− 1)e = c1ps−1 + c2ps−2 + . . .+ cs + ε, where ε ∈ {0, 1} depending on whether
the fractional part of λ(ps − 1) is negative or positive. Using this formula and writing a = sa˜
so that p
a−1
ps−1 =
∑a˜−1
i=0 p
is we may further expand the equation to
ca + ca−1p+ . . .+ c1pa−1 = c1pa−1 + c2pa−2 + . . .+ cspa−s + (m+ ε)pa−s
+ c1p
a−1−s + c2pa−2−s + . . .+ cspa−2s + (m+ ε)pa−2s
...
+ c1p
s−1 + c2ps−2 + . . .+ cs + (m+ ε)
where we have a˜ rows. The summands in the first row of the right hand side except the last
one all occur on the left hand side. Subtracting this from both sides we observe that the left
hand side is < pa−s. Hence, if m+ ε is positive, then equality cannot hold. Thus, we must
have m = ε = 0.
If m = ε = 0, then the last summand of each row vanishes. If moreover a = s, then equality
holds. If s < a, then there must exist 0 ≤ i ≤ s with ci 6= crs+i for some 1 ≤ r < a˜ . Hence,
equality cannot hold. 
3.17. Example. The second case of the theorem occurs for instance for any F -jumping
number of the form ap
p2−1 with a < p (and necessarily p > 2).
If the denominator of λ is divisible by p then the second case of the theorem can only
occur if λ = a
pnb
with p - b and a > b. Indeed, assume that a ≤ b. Denote the coefficients
of the p-adic expansion of λ by ci and the coefficients of the expansion of
a
b
by di. Then
c1 = . . . = cn = 0 and cn+i = di for i ≥ 1. In particular, the fractional part of λ(ps − 1) is
then non-negative since it is of the form∑
i≥1
ci
pi−s
−
∑
i≥1
ci
pi
.
Since λ(ps − 1) is not an integer by assumption its fractional part is strictly positive so that
the second case of the theorem cannot occur.
3.18. Question. Are there F -pure thresholds which actually satisfy the second case of
Theorem 3.16?
A possible strategy may be to consider quasi-homogeneous polynomials f ∈ k[x1, . . . , xn]
whose Jacobian ideal coincides, up to radical, with the irrelevant ideal. For then a likely
candidate for the F -pure threshold is the log canonical threshold
lct(f) = min{
∑
deg(xi)
deg f
, 1}.
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If fpt(f) 6= lct(f) then the denominator of the F -threshold has to be a pth power ([HNnBWZ16,
Theorem 3.5]). So one would need f with fpt(f) = lct(f).
Given a Cartier module (M,κ) we have, after passing to the graph embedding, natural
maps γ∗M → F e!γ∗M . Taking the colimit over these maps we obtain colime≥0 F e!γ∗M which
is now a DR[t]-module. In fact, one has colime≥0 F e!γ∗M = γ+ colime≥0 F e!M , where γ+ is
the (right) D-module pushforward (see [BS16a, Proposition 3.5]). Write ϕ0 for the natural
map γ∗M → colime≥0 F e!γ∗M . Then, instead of studying the generalized eigenspaces of the
Ne (defined just before Theorem 3.7), we may also study the generalized eigenspaces of the
following quotient
Se := ϕ0(γ∗M)DeR[θ1, θp, . . . , θpe−1 ]/ϕ0(γ∗fM)DeR[θ1, θp, . . . , θpe−1 ].
Loosely speaking, the ambient DeR[t]-module F e!γ∗M is replaced by the full DR[t]-module
colime≥0 F e!γ∗M but we still only consider the DeR[θ1, θp, . . . , θpe−1 ]-module generated by
ϕ0(γ∗M) or ϕ0(γ∗fM).
3.19. Remark. Working with colime≥0 F e!γ∗M for M = ωR is the setting of [Mus09] (and
then also to passing to left D-modules). Indeed, note that by [BS16a, Proposition 3.5] one
has colime≥0 F e!M = γ+ colime≥0 F e!M as right DR[t]-modules, where γ+ is the D-module
pushforward. If M = ωR, then colime≥0 F e!ωR ∼= ωR. Here, by convention, ωR → F e!ωR is
induced via f ! from a fixed isomorphism k → F !k, where f : SpecR→ k is the structural map1.
The equivalence between right and left DR[t]-modules then sends γ+ωR to γ+R = R[t]t−f/R[t].
Our next goal is to point out that the generalized eigenspaces of the Ne and of the Se
contain the same information. This will be accomplished in two steps. First we prove this
in the case that the maps γ∗M → F e!γ∗M are all injective (Theorem 3.22 below). This
can always be arranged by replacing M by the nil-isomorphic object M (see Definition 3.20
below).
Then we show that given a nil-isomorphism ϕ : M → N of Cartier modules the restriction
of ϕ induces a map GrλM → GrλN which is then again a nil-isomorphism with respect to
the Cartier structures defined in Lemma 2.2
Before we proceed, we need to recall one more notion from the theory of Cartier crystals.
3.20. Definition. Given a a Cartier module (M,κ) we can consider the union of all nilpotent
submodules Mnil. This is again a nilpotent Cartier module and we define M = M/Mnil. Note,
in particular, that the natural projection M →M is a nil-isomorphism.
We note the following
3.21. Lemma. Let i : SpecR/I → SpecR be a closed immersion and (M,κ) a Cartier module.
Then i∗M = i∗M .
3.22. Theorem. Assume that (M,κ) is an F -regular Cartier module satisfying M = M .
Write γ+M = colime≥0 F e!γ∗M and denote the natural maps F e!γ∗M → γ+M by ϕe. Then
for any e the quotients
Se = ϕ0(γ∗M)DeR[θ1, θp, . . . , θpe−1 ]/ϕ0(γ∗fM)DeR[θ1, θp, . . . , θpe−1 ]
and
Ne = γ∗Ce(M)DeR[θ1, θp, . . . , θpe−1 ]/γ∗Ce(fM)DeR[θ1, θp, . . . , θpe−1 ]
1Of course, if k is perfect, then k → F !k is canonical and ωR → F !ωR is the Cartier isomorphism.
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are naturally isomorphic as DeR[θ1, θp, . . . , θpe−1]-modules. In particular, we obtain DeR-
isomorphisms of generalized eigenspaces.
Proof. First of all, note that the natural map ϕe : F
e!γ∗M → γ+M is DeR[t]-linear.
Next, observe that by Lemma 3.21 we have γ∗M = γ∗M . It follows that the map
γ∗M → F e!γ∗M is injective for all e (cf. [Sta¨16, Lemma 6.20]). Hence, the natural map ϕ0 is
also injective. Note that ϕ0 factors as γ∗M
γ∗Ce−−−→ F e!γ∗M ϕe−→ γ+M for any e ≥ 1. Since ϕe
is DeR[t]-linear we have
ϕe(γ∗Ce(M)DeR[θ1, θp, . . . , θpe−1 ]) = ϕ0(γ∗Ce(M))DeR[θ1, θp, . . . , θpe−1 ],
and a similar assertion holds for γ∗Ce(fM). We conclude that the quotients
ϕ0(γ∗Ce(M))DeR[θ1, θp, . . . , θpe−1 ]/ϕ0(γ∗Ce(fM))DeR[θ1, θp, . . . , θpe−1 ]
and
γ∗Ce(M)DeR[θ1, θp, . . . , θpe−1 ]/γ∗Ce(fM)DeR[θ1, θp, . . . , θpe−1 ]
are naturally isomorphic as DeR[θ1, θp, . . . , θpe−1]-modules since ϕ0 is injective. In particular,
we obtain DeR isomorphisms of generalized eigenspaces. 
3.23. Proposition. Let (M,κM), (N, κN) be Cartier modules and f ∈ R M-regular and
N-regular. If ϕ : M → N is a nil-isomorphism then we get an induced nil-isomorphism
GrλM → GrλN with respect to any of the Cartier structures κe?fa, where ? = M or N and
a ≥ dλ(pe − 1)e.
Proof. By [Sta¨17, Theorem 2.8] the restriction of ϕ induces a surjective map τ(ϕ) : τ(M, fλ)→
τ(N, fλ). By [Sta¨17, Lemma 2.1, proof of Theorem 2.8] we may assume that both M,N are
F -pure. In particular, ϕ is surjective. Now the claim follows from [Sta¨16, Theorem 5.8]. 
In particular, given an F -regular Cartier module M we obtain nil-isomorphisms GrλM →
GrλM . Since for M working on the eth level or in the colimit induces natural isomorphisms
of the generalized eigenspaces of the quotients by Theorem 3.22 we see that we obtain the
same nilpotence results if we construct the quotients by working with the colimit.
4. Non-F -pure modules
In this section we study a generalization of the non-F -pure ideal or φ-fixed ideal to modules.
These non-F -pure ideals were first introduced in [FST11] and are further developed and
studied in [Sch14] and [HSZ14]. They are the characteristic p analog of the so-called non-lc
ideal and have applications to birational geometry.
The importance of these for us is that we will prove a connection between zeros of Bernstein-
Sato polynomials and certain non-F -pure-modules. As an other application we will partially
answer a question of Bhatt, Schwede and Takagi [BST16, Question 5.6] in [Sta¨18].
These non-F -pure modules will form a non-increasing and discrete filtration of the ambient
Cartier module. However, there will be no continuity properties even if M is F -regular.
The actual connection with Bernstein-Sato polynomials will be discussed in section 5. Here
we just develop the basic theory of non-F -pure modules.
4.1. Assumption. Throughout this section we assume that R is an F -finite ring, (M,κ) is a
Cartier module and f ∈ R is an M-regular element.
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On several occasions we will need existence of test modules τ(M, fλ). In these cases we
will ensure this by making the additional assumption that R is essentially of finite type over
an F -finite field.
4.2. Definition. Given (M,κ), an M -regular element f and a non-negative rational number
λ we denote by C the Cartier algebra⊕
e≥0
κef dλ(p
e−1)eR.
We define the non-F -pure submodule σ(M, fλ) as Ch+M for all h 0.
Note that by [Bli13, Proposition 2.13] the descending chain Ch+M ⊇ Ch+1+ M ⊇ . . . stabilizes
for arbitrary Cartier algebras in any F -finite ring, i.e. σ(M, fλ) is well-defined.
We will also use the notation MC for Ch+M (h 0) or even M if C is clear from context.
4.3. Remark. As is well-known to experts one can compute τ(M, fλ) using either maps of
the form κef dλp
ee or κef dλ(p
e−1)e.
This his however not the case for non-F -pure ideals or submodules (also well-known to
experts). For completeness sake we illustrate this with a simple example: Take R = M = Fp[x]
and λ = 1 and for κ the usual generator of HomR(F∗R,R). Then σ(M, f 1) = R, whereas
if we consider the Cartier algebra E generated in degree e by κef dλpee, then we obtain
Eh+R = τ(R, x1) = (x).
4.4. Proposition. We have σ(M, fλ) = σ(σ(M, fµ), fλ) for all 0 ≤ µ ≤ λ. Moreover, if
ϕ : (M,κ) → (N, κ′) is a nil-isomorphism, then ϕ induces a nil-isomorphism σ(M, fλ) →
σ(N, fλ) and ϕ(σ(M, fλ)) = σ(N, fλ).
Proof. The first assertion follows from [Sta¨17, Lemma 2.1]. For the second assertion denote
by C the graded subring of the non-commutative polynomial ring quotient
R{F}/〈rF e − F erpe|r ∈ R, e ∈ N〉
given in degree e by F ef dλ(p
e−1)eR. Then we let C act on M by sending F to κ and similarly
obtain an action on N by sending F to κ′.
To say that ϕ is a nil-isomorphism then means that ϕ(F e ·m) = F e · ϕ(m) and that both
the kernel and the cokernel of ϕ are annihilated by some power of F . Thus a fortiori kerϕ
and cokerϕ are annihilated by Ce+ ⊆ C≥e for all e 0. Thus ϕ is also a C-nil-isomorphism.
We compute
ϕ(MC) = ϕ(Ce+M) = Ce+ϕ(M) ⊆ Ce+N = NC
for all e  0. Since ϕ and the natural inclusions NC → N , MC → M are all C-nil-
isomorphisms we deduce that map induced by restriction
ψ : MC −→ NC
is also a C-nil-isomorphism. By definition σ(N, fλ) does not admit any nilpotent quotients.
Hence, we must have equality as claimed. 
4.5. Corollary. Let (M,κ) be a Cartier module. Then σ(M, fλ) = σ(Mκ, f
λ), i.e. we may
always assume that (M,κ) is F -pure when computing σ(M, fλ).
Proof. The inclusion Mκ →M is a nil-isomorphism. Now use Proposition 4.4. 
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4.6. Proposition. The filtration σ(M, fλ) is non-increasing. If R is of finite type over an
F -finite field, then it is also discrete.
Proof. In order to show that the filtration is non-increasing simply observe that for any e
one has
∏e
i=1 κ
eif d(λ+ε)(p
e−1)eM ⊆∏ei=1 κeif dλ(pe−1)eM . If R is of finite type over an F -finite
field, then discreteness follows by the same argument as in [Bli13, Theorem 4.18]. 
As is well-known to experts one cannot expect any continuity properties for the filtration
σ(M, fλ) (not even in the case M = R). For completeness we give an example (this also
readily follows from Proposition 4.9 and Corollary 4.16 below):
4.7. Example. Consider the Fp[x]-submodule M = Fp[x] · x−1 ⊆ Fp[x, x−1]. Consider the
usual Cartier action on Fp[x] i.e. κ(xi) = 1 if i = p− 1 and = 0 for 0 ≤ i ≤ p− 2. This action
then extends to M via the formula
κ(
g
x
) =
1
x
κ(gxp−1).
Take f = x2, λ = 1
2
and assume that p 6= 2. Then we claim that σ(M, fλ) = k[x]. We have
C+M =
∑
e≥1
κex2(
1
2
(pe−1))x−1Fp[x] =
∑
e≥1
κexp
e−1x−1Fp[x] = Fp[x].
One readily sees that C+Fp[x] = Fp[x]. Hence, σ(M, fλ) = Ce+M = Ce−1+ Fp[x] = Fp[x] for all
e 0.
Next, we claim that σ(M, fλ+ε) ⊆ (x) for any 0 < ε  1. Since Ch+ ⊆ C≥h it suffices to
show that C≥hM ⊆ (x) for all h 0. Thus we have to check that for all h 0
κhx2d(
1
2
+ε)(ph−1)ex−1Fp[x] ⊆ (x)
For this it suffices to show that the exponent of x in the expression above is ≥ ph. Write
d(1
2
+ ε)(ph− 1)e = (1
2
+ ε)(ph− 1) + δ with δ ∈ [0, 1). Then the exponent takes the following
form
(1 + 2ε)(ph − 1) + 2δ − 1 = ph + 2εph − 1− 2ε+ 2δ − 1.
Clearly for h 0 (depending on ε) this is larger than ph. Thus we see that the filtration is,
for p 6= 2, right-continuous at 1
2
.
Let us now argue that it is left-continuous at 1
2
for p = 2. More precisely, for p = 2 we
assert that σ(M, f
1
2 ) ⊆ (x) and σ(M, f 12−ε) = F2[x] for all 0 < ε  1. To see the first
inclusion recall that σ(M, fλ) ⊆ C2+M and note that elements of C2+M are sums of elements
of the form
κax2d2
a−1− 1
2
eκbx2d2
b−1− 1
2
em = κa+bx2
a+b+2bm = xκa+bx2
b
m
with a, b ≥ 1. Thus C2+M ⊆ (x).
Let us now show that σ(M, f
1
2
−ε) = F2[x]. We have
Ce+F2[x] ⊆ Ce+M = Ce−1+ C+M ⊆ Ce−1+ F2[x]
and thus σ(M, f
1
2
−ε) = σ(F2[x], f
1
2
−ε). We claim that C+F2[x] = F2[x]. For this we need to
consider the exponent of x in
κex2d(
1
2
−ε)(2e−1)e.
This exponent is given by d2e−1 − 1
2
− ε2e + εe2 ≤ 2e − 1 for e 0. Thus C+F2[x] = F2[x].
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In [FST11, Proposition 4.10 (4)] the authors prove that σ(R, fλ) ⊆ τ(R, fλ−ε) if the
non-F -regular locus of R is contained in V (f) (i.e. Rf is F -regular). It is also observed in
[FST11, Remark 14.11] that, contrary to the situation in characteristic zero, one does not
have σ(R, fλ) = τ(R, fλ−ε) even if R is (F -)regular.
We will in fact see that these properties extend to the module situation and also show that
this ”defect” of the non-F -pure filtration is constrained to those λ for which the denominator
is divisible by p.
Recall that, according to our running Assumption 4.1, f is an M -regular element and
thus not contained in any associated prime of M . Thus, Mf is F -regular if and only if the
constant sequence (f, . . . , f) is a sequence of test elements for M . Equivalently this means
that V (f) contains the non-F -regular locus of M .
4.8. Lemma. Let (M,κ) be a Cartier module and f an M-regular element. Assume that
τ(M, fλ) exists. If Mf is F -regular, then
τ(M, fλ) =
∑
e≥e0
Cef sM
for all s 0 and any e0 ≥ 0 where C is either of the two Cartier algebras⊕
e≥0
κef dλ(p
e−1)eR or
⊕
e≥1
κef dλ(p
e)eR⊕R.
Proof. By F -regularity of Mf the inclusion τ(M, f
λ)f ⊆Mf is an equality. Thus we find s 0
such that f sM ⊆ τ(M, fλ). Set N := ∑e≥e0 Cef sM and note that it is a C-module. Thus
we get an inclusion N ⊆ τ(M, fλ) and, after inverting f , we obtain Nf =
∑
e≥e0 κ
eMf = Mf
since Mf is F -pure with respect to κ. In particular, H
0
η (N)η = H
0
η (M)η for all associated
primes η of M since f /∈ η. Since τ(M, fλ) is minimal with this property the assertion
follows. 
4.9. Proposition. Assume that R is essentially of finite type over an F -finite field. Let
(M,κ) be a Cartier module and λ a positive rational number.
(a) If p does not divide the denominator of λ, then σ(M, fλ) ⊇ τ(M, fλ−ε) for any 0 < ε 1.
(b) If Mf is F -regular, then σ(M, f
λ) ⊆ τ(M, fλ−ε) for any λ > 0 and any 0 < ε 1.
Proof. We start by proving (a). By definition σ(M, fλ) = Ca+M for all a  0. Fix e such
that λ(pe − 1) is an integer. Then
Ca+M ⊇ Ca+τ(M, f 0) ⊇ (Ce)aτ(M, f 0) = κaefλ(pae−1)τ(M, f 0) = τ(M, fλ−
1
pea ),
where we use Skoda for test modules and Lemma 2.1.
Part (b) is an adaptation of [FST11, Proposition 4.10 (4)] to modules. Fix 0 < ε  1.
Using Lemma 4.8 we find s 0 such that
(1) τ(M, fλ−ε) =
∑
e≥e0
κef d(λ−ε)p
eef sM
for any e0 ≥ 0.
Choose h such that σ(M, fλ) = Ch+M and such that dλ(pe − 1)e ≥ d(λ− ε)pee+ s for any
e ≥ h. Then
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σ(M, fλ) = Ch+M ⊆ C≥hM =
∑
e≥h
κef dλ(p
e−1)eM ⊆
∑
e≥h
κef d(λ−ε)p
eef sM = τ(M, fλ−ε)
where we use (1) for the last equality. 
For the next result we need both existence of τ as well as discreteness.
4.10. Corollary. Let R be of finite type over an F -finite field. Let (M,κ) be a Cartier module
and λ a positive integer. Assume that Mf is F -regular. If the denominator of λ is not divisible
by p, then σ(M, fλ) = σ(M, fλ−ε) for all 0 < ε 1.
Proof. By Lemma 4.9 there is 0 < ε  1 such that σ(M, fλ) = τ(M, fλ−ε). Choosing ε
suitably we may assume that the denominator of λ− ε is also not divisible by p. Thus we
find 0 < ε′  1 such that σ(M, fλ−ε) = τ(M, fλ−ε−ε′). By discreteness of τ we conclude that
σ(M, fλ−ε) = σ(M, fλ). 
4.11. Example. We do not get any a similar connection between τ(M, fλ) and σ(M, fλ) if
λ = 0. Consider for example M = Fp[x] · x−1 with the usual Cartier structure κ. Then (M,κ)
is F -pure while τ(M) = Fp[x].
The connection between the filtrations σ and τ does no longer hold without the assumption
that Mf is F -regular. For instance, consider Fp[x, y] · y−1 with the Cartier structure induced
from Fp[x, y] and let f = x. Then
τ(M,xλ) = (xbλc) and σ(M,xλ) = Fp[x, y] · y−1
for any 0 < λ ≤ 1. Moreover, σ(M,x1+ε) = Fp[x, y] · xy−1 for any 0 < ε 1.
Indeed,
τ(M,xλ) = τ(τ(M,x0), xλ) = τ(Fp[x, y], xλ) = xbλc,
since Fp[x, y] ⊆ Fp[x, y]·y−1 agree at all associated(=minimal) primes and Fp[x, y] is F -regular.
For the other equality, note that
C+Fp[x, y] · y−1 =
∑
e≥1
κexdλ(p
e−1)ey
pe−1
ype
Fp[x, y] = y−1
∑
e≥1
κeyp
e−1xdλ(p
e−1)eFp[x, y]
From this computation we see that, if λ ≤ 1, then C+Fp[x, y] · y−1 = Fp[x, y] · y−1. Thus
applying Ce+ for e 0 shows that σ(M, fλ) = Fp[x, y] · y−1 for 0 ≤ λ ≤ 1.
If λ = 1+ε, then the inclusion Ch+ ⊆ C≥h shows via the above computation that σ(M, fλ) ⊆
Fp[x, y] · xy−1. Since the filtration σ is non-increasing we only have to show the converse
inclusion for ε with denominator not divisible by p. In this case, fix a such that (1 + ε)(pa−1)
is an integer. Then
(κax(1+ε)(p
a−1))hxp
ah−ε(pah−1)y−1 = κahx2p
ah−1y
pah−1
ypah
= y−1xκahyp
ah−1xp
ah−1 = xy−1 ∈ Ch+M.
In [FST11] the authors introduce some other candidates for the non-F -pure ideal and ask
whether they all coincide. In what follows we write C for the Cartier algebra generated in
degree e by κef dλ(p
e−1)e. The following variants are considered:
(a) For a fixed n 0 define σn(M, fλ) := (C≥n)hM for h 0.
(b) Suppose that λ(pe − 1) ∈ Z for some sufficiently large and sufficiently divisible e. Write
F for the algebra that is given by ⊕a≥0 κeafλ(pea−1)R. Then set σ′(M, fλ) := Fh+M for
h 0.
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Once again note that by [Bli13, Proposition 2.13] all these notions are well-defined for any
F -finite ring R.
We point out that in [FST11] non-F -pure ideals are also studied in the context of non-
principal ideals (i.e. if f is replaced by an ideal a ⊆ R). The authors then work with the
integral closures of the adλ(p
e−1)e making things more subtle (if R is normal then any principal
ideal generated by a non-zero-divisor is integrally closed – see e.g. [BH98, Proposition 10.2.3]).
4.12. Proposition. Let R be F -finite and (M,κ) a Cartier module. Then σn(M, f
λ) =
σ(M, fλ) for all n  0. Assume now that R is essentially of finite type over an F -finite
field. If Mf is F -regular and the denominator of λ is not divisible by p, then σ(M, f
λ) =
σn(M, f
λ) = σ′(M, fλ) for all n 0.
Proof. Note that one clearly has containments σ′(M, fλ) ⊆ σn(M, fλ) ⊆ σ(M, fλ) whenever
these objects are defined.
We first show that σ(M, fλ) ⊆ σn(M, fλ). Let h 0 be such that σ(M, fλ) = Ch+M and
σn(M, f
λ) = (C≥n)hM . Then σ(M, fλ) = Cnh+ M ⊆ (C≥n)hM = σn(M, fλ).
Assume now that the denominator of λ is not divisible by p. Since f is a test element, we
know, by Lemma 4.9, that σ(M, fλ) = τ(M, fλ−ε) for 0 < ε  1. Therefore, it suffices to
prove that
σ′(M, fλ) ⊇ τ(M, fλ−ε).
To see this let us denote by F the Cartier algebra ⊕e≥0 κeafλ(pea−1)R. The argument now
proceeds as in Lemma 4.9.
To wit
Fh+M ⊇ Fh+τ(M, f 0) ⊇ (F1)hτ(M, f 0) = κahfλ(pah−1)τ(M, f 0) = τ(M, fλ−
1
pah ).

4.13. Corollary. Let R be essentially of finite type over an F -finite field and (M,κ) a Cartier
module. Assume that Mf is F -regular. If the denominator of λ is not divisible by p, then
σ(M, fλ) = κefλ(p
e−1)M for all e 0 such that λ(pe − 1) is an integer.
Proof. By Proposition 4.12 we have σ(M, fλ) = σ′(M, fλ). Let E be the Cartier algebra⊕
e≥0 κ
eafλ(p
ea−1)R, where λ(pa − 1) is an integer.
Note that
(E+)2 =
⊕
e+f≥2
κ(e+f)afλ(p
(e+f)a−1)
= Ee≥2
and thus inductively Ee+ = E≥e. Since κea(fλ(pea−1)M) ⊆M we have
κ2eafλ(p
2ea−1)M = κeafλ(p
ea−1)κeafλ(p
ea−1)M ⊆ κeafλ(pea−1)M.
Thus σ′(M, fλ) = E≥eM = EeM = κeafλ(pea−1)M for all e 0. 
4.14. Proposition. Assume that R is essentially of finite type over an F -finite field and (M,κ)
is a Cartier module. Furthermore, assume that Mf is F -regular and that the denominator of
λ is divisible by p. Then σ(M, fλ) = σ(M, fλ+ε) for all 0 < ε 1.
Proof. As the filtration is non-increasing we just need to deal with the inclusion from left to
right. The R-module C+M ⊆ M is finitely generated. Hence, we have C+M = ∑E1e=1 CeM .
Note that it is harmless to pass to a larger E1 in doing this. Repeating the argument with
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C2+M ⊆ C+M we find that C2+M =
∑E2
e=1 CeC+M . Repeating this argument we conclude that
Ch+1+ M = (
∑E
e=1 Ce)h+1M , where E is the maximum over the E1, . . . , Eh+1.
In particular, if we choose h 0 such that σ(M, fλ) = Ch+M , then
(
E∑
e=1
Ce)h+1M = C+Ch+M = Ch+M = (
E∑
e=1
Ce)hM.
Iterating this we deduce that σ(M, fλ) = (
∑E
e=1 Ce)hM for some fixed large E and all h 0.
By our assumption on λ we have dλ(pe− 1)e = λ(pe− 1) + δe with δe > 0 for all e = 1, . . . , E.
We can write a homogeneous element of (
∑E
e=1 Ce)h as
(2) κe1f dλ(p
e1−1)e · · ·κehf dλ(peh−1)e = κafλ(pa−1)+
∑h
i=1 δeip
∑h
j=i+1 ej
,
where a = e1 + . . .+ eh.
Let us now analyze the second term of the exponent of f in (2) after dividing by pa − 1.
4.15. Claim. The expression
A :=
∑h
i=1 δeip
∑h
j=i+1 ej
pe1+...+eh − 1
is bounded away from zero by a constant independent of h.
proof of 4.15. Note that, as noted above, the δi are all contained in a finite set of positive
numbers. Let δ be the minimum over this set, then
A ≥ δ
∑h
i=1 p
∑h
j=i+1 ej
pe1+...+eh − 1 ≥ δ
pe2+...+eh
pe1+...+eh − 1 ≥ δ
pe2+...+eh
pe1+...+eh
= δp−e1 ≥ δp−E.

Taking for instance ε = δp−E/2 we then get Ch+M =
∑Eh
a=h κ
af (λ+ε)(p
a−1)f r(a)M , where r(a)
grows with a. In particular, taking a larger h we can arrange for all r(a) to be larger than a
given integer s. This allows us to apply Lemma 4.8, i.e. we get that
Ch+M =
Eh∑
a=h
κaf (λ+ε)(p
a−1)+r(a)M ⊆
∑
a≥h
κaf d(λ+ε)(p
a−1)ef sM = τ(M, fλ+ε).
Now we can use Lemma 4.9 to conclude that τ(M, fλ+ε) = σ(M, fλ+ε+ε
′
), where we choose
0 < ε′  1 in such a way that the denominator of λ+ ε+ ε′ is not divisible by p. 
We have just seen in the proof above that the following holds:
4.16. Corollary. Assume that R is essentially of finite type over an F -finite field, that (M,κ)
is a Cartier module and that λ is a positive rational number. Assume that f is a test element
for M . If the denominator of λ is divisible by p, then σ(M, fλ) = τ(M, fλ+ε).
4.17. Remark. At this point one might wonder whether one obtains unconditional left/right-
continuity if one instead considers Eh+M where
E =
⊕
e≥1
κef dλp
eeR⊕R
(the last summand being E0). This is however not the case.
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Indeed, if (M,κ) is F -regular, then Eh+M ⊆ E≥hM = τ(M, fλ), where the equality is due
to Theorem 2.6 and [BS16a, Lemma 4.1]. By minimality of τ we then obtain equalities
everywhere. Hence, in this case the filtration is right-continuous but not left-continuous.
If (M,κ) is not F -regular but F -pure and Mf is F -regular, then for λ = 0 one has
Eh+M = M while we claim that for any 0 < λ 1 one has Eh+M = τ(M, f 0). Namely,
Eh+M ⊆ E≥hM =
∑
e≥h
κef dλp
eeM ⊆
∑
e≥h
κef d(λ−ε)p
eef sM = τ(M, fλ−ε)
where the last equality is due to Lemma 4.8. By right-continuity of τ we have τ(M, f 0) =
τ(M, fλ−ε) = τ(M, fλ). By minimality of τ we conclude that Eh+M = τ(M, fλ).
4.18. Question. Is the filtration defined in Remark 4.17 right-continuous for λ > 0 for general
F -pure M?
If we filter along a non-principal ideal, then there are two natural generalizations that one
can consider:
4.19. Definition. Fix an F -finite ring R, an ideal a ⊆ R and a non-negative rational number
λ. If C is a Cartier algebra and M a C-module, then we define the non-F -pure module (with
respect to C, a and λ) as
σ(M, aλ) = Eh+M (h 0),
where E is the Cartier algebra generated in degree e by Ceadλ(pe−1)e.
We also consider a variant where we work with integral closures:
σ¯(M, aλ) = Fh+M (h 0),
where F is the Cartier algebra generated in degree e by
Ceadλ(pe−1)e.
As mentioned earlier the notion σ¯ is the one considered in [FST11].
We do not know how to prove an analog of Skoda’s theorem for non-F -pure ideals. We
can only prove one direction:
4.20. Lemma. Let (M,κ) be a Cartier module, a an ideal and λ ≥ 1 a rational number.
Then a σ(M, aλ−1) ⊆ σ(M, aλ). Likewise, a σ¯(M, aλ−1) ⊆ σ¯(M, aλ).
Proof. By definition σ(M, aλ−1) = Ch+M for all h 0, where C is the Cartier algebra that is
generated in degree e by κead(λ−1)(p
e−1)e. Hence, we can write any element of Ch+ as a sum of
elements C :=
∏h
i=1 κ
eiad(λ−1)(p
ei−1)e.
Note that one has an inclusion a[p
e] · ad(λ−1)(pe−1)e ⊆ adλ(pe−1)+1e for all e. Hence,
a C = κe1a[p
e1 ]ad(λ−1)(p
e1−1)e
h∏
i=2
κeiad(λ−1)(p
ei−1)e
⊆ κe1adλ(pe1−1)ea
h∏
i=2
κeiad(λ−1)(p
ei−1) ⊆ · · · ⊆
h∏
i=1
κeiadλ(p
ei−1)ea.
Since aM ⊆M the claim follows.
The inclusion for σ¯ follows similarly using the fact that I · J ⊆ IJ for ideals I, J . 
Note that if a = (f) and Mf is F -regular, then we do get an analog of Skoda provided that
λ > 1. We are therefore led to the following
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4.21. Question. (a) Does a full Skoda theorem hold for σ(M, aλ) if M is F -regular or in
general? That is, if a is generated by m elements is it true that a σ(M, aλ−1) = σ(M, aλ)
for λ > m?
(b) Does a full Skodda theorem hold if a = (f) in general?
We may also ask
4.22. Question. Ist the filtration σ(M, fλ) left-continuous if the F -jumping nubmers of
τ(M, fλ) all have a denominator not divisible by p?
4.23. Question. If M is F -regular and the denominator of λ is not divisible by p, then is it
true that σ(M, aλ) = τ(M, aλ−ε) for all 0 < ε 1?
5. Bernstein-Sato polynomials attached to Cartier modules without
F -regularity
The goal of this section is to investigate whether the correspondence between zeros of the
Bernstein-Sato polynomial (Definition 3.8) and F -jumping numbers can be extend beyond
the case where (M,κ) is F -regular.
We can prove a partial generalization under the assumption that Mf is F -regular. One
could phrase this result still entirely in the language of test modules but we will use the
language of non-F -pure modules (the translation being given by Proposition 4.9). The reason
for this is that the author believes that, using non-F -pure modules, this connection might
hold in greater generality. Essentially, the question is what are the minimal assumptions for
Corollary 4.13 to hold.
5.1. Definition. Let R be F -finite, (M,κ) a Cartier module and f and M -regular element.
Then we define
GrλσM := σ(M, f
λ)/σ(M, fλ+ε).
5.2. Lemma. Let R be essentially of finite type over an F -finite field and let (M,κ) be a
Cartier module. Assume that Mf is F -regular. Then κ
af dλ(p
a−1)e defines a Cartier structure on
GrλσM . If Gr
λ
σM 6= 0, then this Cartier structure is non-nilpotent if and only if λ(pa−1) ∈ Z.
Proof. If λ = 0, then Gr0σM = M/τ(M, f
ε) by Proposition 4.9. Moreover, κaτ(M, f ε) =
τ(M, f ε/p
a
) = τ(M, f 0) = τ(M, f ε) by right -continuity of τ and Lemma 2.1. So κ acts on
the quotient. Moreover, κ acts surjectively on M . So if the quotient is non-zero (which is the
case if and only if M is not F -regular), then the action is not nilpotent.
If λ > 0, then GrλσM = τ(M, f
λ−ε′)/τ(M, fλ+ε−ε
′
) by Proposition 4.9, where 0 < ε < ε′ 
1. If this quotient is zero, then the statement of the lemma is trivially true. The quotient is
non-zero if and only if λ is an F -jumping number. In this case, the statement follows from
Theorem 2.3 
5.3. Theorem. Let R be regular and essentially of finite type over an F -finite field. Let
(M,κ) be a Cartier module, f ∈ R an M-regular element and assume that Mf is F -regular.
Let λ ∈ (0, 1] ∩ Z(p). If dλpee−1pe is a zero of the eth Bernstein-Sato polynomial (see Definition
3.8) for some e 0 such that λ(pe − 1) ∈ Z, then GrλσM is non-trivial.
Proof. Since λ(pe − 1) = λpe − λ ∈ Z we have dλpee − 1 = λ(pe − 1). We denote the p-adic
expansion of λ by
∑
i≥1 cip
−i. Then our assumption that dλp
ee−1
pe
is a zero of the Bernstein-Sato
THE ASSOCIATED GRADED MODULE OF THE TEST MODULE FILTRATION 27
polynomial means that the generalized (ce, . . . , c1)-eigenspace of Ne (as defined just before
Theorem 3.7) is non-trivial. Using that F e! is fully faithful this is equivalent to
(3) κef ce+ce−1p+...+c1p
e−1
M 6= κef 1+ce+ce−1p+...+c1pe−1M
(cf. the proof of Theorem 3.7). By our assumption that λ(pe − 1) the sequence ci is periodic
with period length dividing e. Hence, (3) is equivalent to
κef c1+c2p+...+cep
e−1
M 6= κef 1+c1+c2p+...+cepe−1M
Now the left-hand side of this inequality is equal to κefλ(p
e−1)M = σ(M, fλ) by Corollary
4.13 (where we need that e 0). Fix 0 < ε 1 such that (λ+ ε)(pe − 1) ∈ Z (this works
for suitable e 0). Using Corollary 4.13 once more, we then have
σ(M, f (λ+ε)) = κef (λ+ε)(p
e−1)M ⊆ κef 1+λ(pe−1)M 6= κefλ(pe−1)M = σ(M, fλ).
Hence, GrλσM 6= 0. 
5.4. Example. Let us illustrate that the other direction of Theorem 5.3 does not hold.
That is, it may happen that σ(M, fλ) 6= σ(M, fλ+ε) but dλpee−1
pe
is no a zero of any eth
Bernstein-Sato polynomial.
Consider M = Fp[x] · x−1, f = x2 and λ = 12 where we assume p 6= 2. Then σ(M, fλ) 6=
σ(M, fλ+ε). Indeed, Corollary 4.13 yields that σ(M, fλ) = κexp
e−1x−1M = Fp[x] for e 0.
Similarly σ(M, fλ+ε) = κexp
e−1x2ε(p
e−1)x−1M if we choose 0 < ε  1 so that λ + ε has
denominator not divisible by p and e 0 suitable. In particular, we may choose e so large
that 2ε(pe − 1) ≥ 2, then we see that σ(M, fλ+ε) ⊆ (x).
As in the proof of the theorem dλp
ee−1
pe
is a zero of any eth Bernstein-Sato polynomial if
and only if
κefλ(p
e−1)x−1Fp[x] 6= κefλ(pe−1)+1x−1Fp[x]
Now the left-hand side evaluates to κexp
e−1x−1Fp[x] = Fp[x] for any e ≥ 1. The right-hand
side similarly evaluates to κexp
e−1Fp[x] = Fp[x].
5.5. Remark. (a) If (M,κ) is F -regular then all non-nilpotent information is recovered.
Indeed, for suitable e  0 one has σ(M, fλ+ε) = κef (λ+ε)(pe−1)M = τ(M, fλ+ε−λ+εpe ),
and κefλ(p
e−1)fM = τ(M, fλ+
1−λ
pe ) e.g. using Theorem 2.6 and Corollary 4.13. By
right-continuity of τ these two quantities coincide for 0 < ε 1 and e 0 suitable.
(b) Note that in characteristic zero one has that if λ is a jumping number of the multiplier
ideal filtration then it is a zero of the Bernstein-Sato polynomial. Here the situation is
the other way around.
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